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Roderich Moessner (MPI-PKS Dresden)



Scope

Introducing Quantum Spin Liquids

Rokhsar-Kivelson models: State of the art

Connection with microscopic Heisenberg magnetism



Physical Motivations

f frustrated systems
Mott Insulators = Metals

Frustration: Doping
| i l Cooling 1
Ui ? q H' h T
lg C
J <O J >O @ Superconductors

Anderson (87)

(r;—r;)

R P g et Even at T=0K

A== (ri — 1) SU(2) 1s preserved




Some examples: SrCu2(BOj3)

Orthogonal dimers S
0.00.8°Y,
0.4
| ] | T T T |
— 10k SrCu,(B0O;), i 0.3
E ——: isolated dimer model
S with J=30 K 0.5
3 —@—: experiment
§ B 0.1
; O 10 20 30 40 50 80
¢] - mans e s e s SIS ) s H (T)

0 100 200 300 400

T (K)
® Bose-condensation of triplets
AT ® Static dimer background
= = ® [xotic phases: SE SS

Spin gap at low T, singlet GS and new bosonic quantum phases!
Shastry & Sutherland (81), Kageyama et al. (2005)



Rokhsar-Kivelson Models

Effective models derived from microscopic systems

® Heisenberg Rokhsar & Kivelson (88), Moessner & Sondhi (01)
o Spin-orbital Vernay, AR, Becca, Mila (06)

® Trimerized Kagomé lattice Zhitomirsky (04)



® Spin—orbital Vernay, AR, Becca, Mila (06)

Rokhsar-Kivelson Models
Effective models derived from microscopic systems

® Heisenberg Rokhsar & Kivelson (88), Moessner & Sondhi (01)

® Trimerized Kagomé lattice Zhitomirsky (04)

Quantum Dimer Model: projection onto the singlet subspace

@ =

Ay ——

CEE=E
L |

V2 .

Truncate at the 4t order:

O i— Fda-A=r e Bare
Sutherland (88)

—Only loop of length 4!



Rokhsar-Kivelson Models
The Quantum Dimer Model

Rokhsar & Kivelson (88)
H=v(I@)NEI + X)) -t ()] + 10 {Z)

® v: Potential term

® t4: Kinetic term




Rokhsar-Kivelson Models
odel

Rokhsar & Kivelson (88)

H =022+ 1)) -t + 10 ()

® v: Potential term

® t4: Kinetic term




Rokhsar-Kivelson Models

— imer M le

Rokhsar & Kivelson (88)

H =022+ 1)) -t + 10 ()

® v: Potential term

® t4: Kinetic term




Rokhsar-Kivelson Models

imer Mo g_\ »
Rokhsar & Kivelson (88) =

H =022+ 1)) -t + 10 ()

® v: Potential term

® t4: Kinetic term




Rokhsar-Kivelson Models
The Quantum Dimer Model

Rokhsar & Kivelson (88)
H=v(I@)NEI + X)) -t ()] + 10 {Z)

® v: Potential term

® t4: Kinetic term




Rokhsar-Kivelson Models

Rokhsar & Kivelson (88)
H=o(I@)E + (D). (NI + 10D

® v: Potential term

® t4: Kinetic term




Rokhsar-Kivelson Models

—— a1\ /) 8 Q‘\ :
Rokhsar & Kivelson (88) Fr

H =022+ 1)) -t + 10 ()

® v: Potential term

® t4: Kinetic term — Competition




Rokhsar-Kivelson Models

The Quantum Dimer Model

Rokhsar & Kivelson (88)

H=v(|@HEI + 1)

® v: Potential term

® t4: Kinetic term

~t(I@HO + 12

— Competition

t4=v = RK point: Factorization of the Hamiltonian!

H=A"4 =

=B

(12) — 109)({ oz>|— =)
7521

= RVB liquid

Anderson &)



Rokhsar-Kivelson Models
The Quantum Dimer Model

Rokhsar & Kivelson (88)
H=v(I@)NEI + X)) -t ()] + 10 {Z)

® v: Potential term

® t4: Kinetic term — Competition

t4=v = RK point: Factorization of the Hamiltonian!
H:ATAz(@—[O OZO|— ([
= A = ic) = RVB liquid
5

Anderson &)

RK Models: Quantum GS coincides with the classical equilibrium



Rokhsar-Kivelson Models
In a more general ground

Rokhsar & Kivelson (88)

H =022+ 1)) -t + 10 ()

? RK ts

® Rich phase diagram: Exotic phases, non-conventional behavior



Rokhsar-Kivelson Models
In a more general ground

Rokhsar & Kivelson (88)

H =022+ 1)) -t + 10 ()

4 B

? RK t4
® Rich phase diagram: Exotic phases, non-conventional behavior

® After 20 years, still not a clear answer for the ground state!



Long time conflicting results

systems, same studies give # results

Colum

H

yuare QDM: Plaquette-Columnar transition point?

yuare Heisenberg AF: Nature of the gapped phase?

. ]

Plaqueitte




Long time conflicting results

For several systems, same studies give # results

® Square QDM: Plaquette-Columnar transition point?

® Square Heisenberg AF: Nature of the gapped phase?

Colum

Break both translations and 7/2 rotations

ar

N -
Plaqueitte
- -

o Effective hield theory in term of Height Models

® Microscopic realization on Heisenberg systems




Height representation of the QDM

From RK (classical) to quantum case

® Gauss Law: V.E =0

Henley (03)

® Realized by chosing a good gauge ¢ e

> p=0 '1_171\

® Defining the height variable h: E =V X h




Height representation of the QDM
Erom RK (classical) to quantum case

Henley (03)
® Gauss Law: V.E =0
® Realized by chosing a good gauge ¢ 2
L
Z ¢=0 =

® Defining the height variable h: E =V X h

|1 to I mapping between dimers and heights




Height representation of the QDM

uantum case
Henley (03)

® Gauss LLaw: V.E =0

® Realized by chosing a good gauge ¢ 2
Sl
Z ¢=0 =

® Defining the height variable h: E =V X h

|1 to I mapping between dimers and heights

® Columnar: <h> = half integer

® Plaquette: <h> = integer

2D brs eu?zeffective field theory



Height representation of the QDM

Coarse-graining of the h variable

One can obtain a d=2+1 effective field theory:

S = /deza: [(8Th(r))2 + p(Vh(r))2+)\ cos(2mh(r))+u COS(47Th(7“))}



Height representation of the QDM

Coarse-graining of the h varable

One can obtain a d=2+1 effective field theory:

o /deza: @)2 — p(V@)\ cos(2mh(r))+u COS(47Th(7“))}
Dynamical energy J




Height representation of the QDM
Coarse-graining of the h varable
One can obtain a d=2+1 effective field theory:

e /deQ:z: @)2 + p(Vh(r))? @ pcos(4mh(r))]
Dynamical energy J /

Locking potential that considers roughness




Height representation of the QDM

Coarse-graining of the h varable
One can obtain a d=2+1 effective field theory:

e T ey )
Dynamical energy J /

Locking potential that considers roughness

New quartic term in the expansion



Height representation of the QDM

Coarse-graining of the h varable

One can obtain a d=2+1 effective field theory:

e T ey )
Dynamical energy J /

Locking potential that considers roughness

New quartic term in the expansion

Searching for uniform configuration h = cste

® Only the mean value 1s relevant to distinguich the phases

® Competition between two simple terms:

S~ Xcos(2m < h >)tpcos(dr < h >) =0



Height representation of the QDM
S Arean| i = 1k e A= = —0

First case: p=0 (old case)

® )-0: <h> = half integer Columnar
® )<0: <h> = integer Plaquette
® )\=0: <h>=V Continuous deg.



Height representation of the QDM
S Arean| i = 1k e A= = —0

First case: p=0 (old case)

A>0: <h> = half integer
A<0: <h> = integer
A=0: <h> =V

Second case: p#0

. | .
e
= ucos(4sth)|]
== Acos(27th) |-

Columnar
Plaquette

Continuous deg.

o n<0: I

t of the continuous deg.

1st order transition scenario

® 11>0:Competition!

e —

0, if A< —4u
Aol = e ]
arccos(—A/4u), if |A| < 4p



Height representation of the QDM
S Arean| i = 1k e A= = —0

First case: p=0 (old case)

® )-0: <h> = half integer Columnar
® )<0: <h> = integer Plaquette
® )\=0: <h>=V Continuous deg.

Second case: p#0

® 11<0: lift of the continuous deg.

Mixed phase!

® Continuous extrapolation

1st order transition scenario

® 1>):Competition!
e 2°d order phase transition

AR, D. Poilblanc & R. Moessner PRL (08)




Mixed phase in Heisenberg systems
A Generalized QDM for the square Heisenberg AF

Attempting to characterize spin-1/2 systems with RK models

ch-\/ .

Only for specific values of J1 -J2 -J3

H = les Si+J2) SiS;+J3 Yy 8.8,

nnn nnnn

When the true GS 1s made of dimer coverings
Mambrini et al. (05)



Mixed phase in Heisenberg systems

New systematic procedure for deriving effective models

Processes il P Gl
Id 0 0
) 2(J; — J2)a*
2(=J1 + J2)a? —2(J1 — J2)a? (1 +a*)
N e e e Tl e el A e
4(—=J1 + J2)a* 0
=B == ==l 0
D T e B S e
2(—3J1 + 3J2 +2J3)a®| (=J1 + J2 +2J3) a®
oo =l =5 Jh e 0
o 1] G

We reorganize the overlap expansion in term of same prefactors




Mixed phase in Heisenberg systems

ective models

Processes | O it HefE — -1/ 2940 —1/2
Id 1 0 0
0 ) 2(J1 — Jo)a*
| 2(—N+ )’ |—2(J1 — J2) o (1+at)
| |o*| 2(=2/1 + 202 + Js)a* | 2(=Ji + Jo + J5) o

We reorganize the overlap expansion in term of same prefactors



Mixed phase in Heisenberg systems

T — A «f.,eéq .:01 effECtlve mOdels

Processes | O i HE = O~V 2o—1/2
Id 1 0 0
0 0 2(J1 — Jo2)o*t
o e o o s e S e A
O |o*] 2(=2J1 + 22 + Ja)at | 2(=Ji + o+ J5) @

H = cos(¢) sin(6)
\q/_/

(=) QHID

o
(@

+ cos(¢) cos(0)
\‘,_/

=y DIHD ()

o

+ sin(o)
t




Mixed phase in Heisenberg systems

ure for deriving etfective models

Processes | O i HE = O~V 2o—1/2
Id 1 0 0
0 0 2(J1 — Jo2)o*t
o e o o s e S e A
O |o*] 2(=2J1 + 22 + Ja)at | 2(=Ji + o+ J5) @

H = cos(¢) sin(6) j:t + cos(¢) cos(0) j:t + sin(¢)

v ty le

inetic competition between loop-4 and loop-6




Mixed phase in Heisenberg systems
Symmetry classification of the expected phases

LB MA KA KB M A~

Columnar

Plaquette

Mixed




thed phase in Heisenberg systems

e expected phases

Bt M AT KA KB M A*

Columnar

Plaquette
Mixed

e I ® One has to access the correct symmetry sectors

M .

K e Pioperator Py = did; & did) 17

= 1 if a dimer )
0 if not

[

® P- operator d; =



Mixed phase in Heisenberg systems
Symmetry classification of the expected phases

10 1R | AL Al | ISS A | S 1BgE | NAL /A

Columnar

Plaquette
Mixed

e I ® One has to access the correct symmetry sectors

M .

K e Pioperator Py = did; & did) 17

= 1 if a dimer )
0 if not

[

® P- operator d; =

~s- energy and the structure factors

® [xact Diagonalizations

® Green Function Quantum Monte-Carlo



Mixed phase in Heisenberg systems
Eigen energy spectra by exact diagonalizations

004r¢c) = o= we v (.04
. v Vi . 1 / 3
~o LU Y IR )
r N VoL (R oy, by
Sy Y \ (%) v 1
\ v
F - \ 1 L/
- W J I /,
® - Ssooow VL L i/ s
N \ 1y 4o
AN (I 1y o
Sy W I, a4
. v ! A
. [ \ . 1y ly
AXE Y J e
Y WYt 1 7
N AR oo
N\, ALY 1

crossing

002"

001 | 001 |

b) f=atan(0.5)

0.00 -

1/8 1/4 3/8 1/2 1/8 1/4 3/8 1/2
o/ ¢/

® Rather large cluster size
® All symmetry sector available

® The whole range of parameter accessible



Mixed phase in Heisenberg systems

Eigen energy spectra by exact diagonalizations

0 04 r C w e LA B O 04 r
. ——— v Vi . Ty 3
~ N LY [RLLTINNY il 1 '/I/I ’,'II
r S VLoovanaw r 'y, h
SN \\ [ ILWY 7]
\ v
F M PR T ~ [IAVRY 4 1y /,
- Ss WY w i1 o /7
L ' S W W r 1y i
SoW LW 1y 4o
ANEA S 1 4
- sy b L 1y v
o AR \ o i v
ot A
. \ \ 1y 'y
N VYot 4 7
r N W g gy
N Yot o

Set of states compatible

L e /
% s
< /
.
L . /
0 02 - e
¢ < .
~a -

with the mixed phase

001 0.
b) f=atan(0.5)
0.00\
18 14 38 112 18 14 38 12
P/ s

® Rather large cluster size
® All symmetry sector available

® The whole range of parameter accessible



Mixed phase in Heisenberg systems

Eigen energy spectra by exact diagonalizations

AE
©)

0.04

003 |
002t
001

1/8

1/4

ol

3/8

1/2

AE

0.00\

Rough estimator of the
phase transition

! ’
o 1y 4/
F 1y i
Ui 4.
1y N
L I 7! 7
i A
. gl 7/
gl
F A
15l

Set of states compatible
with the mixed phase

1/8 1/4 3/8 1/2

d/m

® Rather large cluster size

® All symmetry sector available

® The whole range of parameter accessible



Mixed phase in Heisenberg systems

Eigen energy spectra by exact diagonalizations

AE
004(¢c) - o

L e /
% s
< /
.
L . /
O 02 -7 e
¢ < .
~ee _-

001 |

1/8

1/4

ol

~ \
~
S LY Lann
SN [ ILWY
DU R R
L NN Wy
[RRYTTERY
——— NN
* r M RAY
L= -~ \
- Ss [EETHY
L ' d oW b
~ \\\‘ VoW
A \
L LR
AR VLR
. . AXE Y
\ Miwat
F \, AR
\, AN
. vt
\ Yhu b
r ‘At
\ \
v b
L Lyt
ne
Vv

\
N\
\
N\
\,
.\
\

. \\\ \ \\\\
crossing .,

3/8

\\\\\\

1/2

0.04 (Y
/ b 17,

/1 !

L T

i ld ! 1

0.00\

147

L I/II/

!
0.02 r#

! ’
o 1y 4/
r i Y
Ui 4.
1y N
A
0 03 [ A ,II
. # iy
] o/
L 1
[

1/8 1/4 3/8

d/m

Rough estimator of the
phase transition

Set of states compatible
with the mixed phase

Mixed phase compatible

in a large domaine of 0

Need to g0 beyond the size eftects

Green Function Quantum Monte Carlo

® Thermodynamic limit by finite size scaling

® Computation of the structure factor



Mixed phase in Heisenberg systems

Structure factor in different symmetry sectors

1 (Wl Pe(—q)Pe(q) o)
MiL\/ “Tol o)

® [arge sizes, 16x16 sites
® M.: Plaquette order

® M-: Columnar order



Mixed phase in Heisenberg systems

Structure factor in different symmetry sectors

Mo(q)
Y l <\Ij0 ‘Pﬂ: (—Q)Pj: (q) ’\IJO> 0'006f M_(T) M, (K)
= (Wo|Wo) 0.005 ¢ o o

0.06 -
0.04
002"

0004 000l
000 005 0.10 0.15 000 005 0.10 0.15

003 ¢
0.02§
001 -

0.004 ¢

® [arge sizes, 16x16 sites 0003¢

0.002 -

® Mu+: Plaquette order : Ui/ e

® M-: Columnar order 0001 6=atan(0.5)
0.000 BT

000 005 010 015 020 025

® [n alarge domain, both M+ and M- are non zero
Mixed phase driven by kinetic competition
® Tiny region where M+=0 and M- non zero
A pure plaquette phase 1s also present



Mixed phase in Heisenberg systems

Phase diagram at the thermodynamic limit

H = cos(¢) sin(6)

¢/7TA
!
3/8F
1/4
Y0000
0000
—-1/2 —1|/4 9/71'
+ cos(¢) cos(0) j:t + sin(¢)
> e e e
T4 te




Mixed phase in Heisenberg systems
Phase diagram at the thermodynamic limit

¢/7TA

3/8F

3

1/4F

1/8

0000
H=Ji Z S;.5; + Jo Z STRS PRy =

nn nnn




Mixed phase in Heisenberg systems
Phase diagram at the thermodynamic limit

¢/7TA

3/8F

e lies in the mixed phase domain

First time that a mixed phase 1s observed in a microscopic spin-1/2 system
AR, M. Mambrini & D. Poilblanc, arXiv:0905.2039, to appear in PRB



Summary and Concluding Remarks

1- New kind of quantum spin hquid state has been evidenced

2- Rokhsar-Kivelson models: best candidates for these studies
3- New way of deriving effective constraint model

4- Application to an old conflicting system gives new insights

= As in the ODM, the mixed phase scenario reconciliates
previous conflicting results

Outlook

Find such phases in other systems: Kagomé AFM?



